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On the rule of mixtures for flow stresses in
stainless-steel-clad aluminium sandwich sheet

metals
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The flow stresses in stainless-steel-clad aluminium sandwich sheet metals followed the mix-
ture rule which is an average of component properties weighted by volume fractions, even
when transverse stresses were calculated to develop in the component layers due to their dif-
ferent anisotropic plastic behaviours. Such flow stresses in the sandwich sheets were attributed
not to negligibly small transverse stresses compared with fongitudinal stresses, but to the
compensation effects of increased and decreased longitudinal stresses due to tensile and com-
pressive transverse stresses developed in the different component layers.

1. Introduction
Stainless-steel-clad aluminium sandwich sheets have
both the very good corrosion-resistant and mechanical
properties of stainless steel and the excellent heat and
electrical conductivities of aluminium. The flow stresses
of the sandwich sheets are known to follow the mixture
rule given below in Equation 1 [1, 2], just like fibre-
reinforced composite materials tensioned along the
fibre axis:

Oys = Oya VA + Oup VB (1)

where o, and V indicate the uniaxial flow stress and
volume fraction, and subscripts s, A and B stand for
the sandwich sheet and its component A and B layers,
respectively. The flow stress of a fibre-reinforced com-
posite material may be easily understood on the basis
of the isostrain hypothesis. However, the behaviour of
a sandwich sheet cannot be as simple as in fibre-rein-
forced composite materials, because transverse stresses
may develop in the component layers due to a differ-
ence in their anisotropy. Therefore, the mixture rule
for the sandwich sheet has been attributed to the
presence of negligibly small transverse stresses com-
pared to axial or longitudinal stresses [2].

The purpose of this work is to examine the appli-
cability of the mixture rule to stainless-steel-clad alu-
minium sandwich sheets.

2. Experimental methods

Sandwich sheets of (304 stainless steel)—aluminium—
(304 stainless steel) of 2 to 3 mm thickness were fabri-
cated by rolling at 400 to 500°C, during which the
stainless steel sheets were reduced by 4 to 10% and the
commercial-purity aluminium sheets by 30 to 48%
(Table I). The clad sheets were subsequently annealed
at 400° C for 15 min to remove residual stresses in the
sheets and to improve the bond strength between the
layers. The oxide scale on the sheet surface was
removed by 10% nitric acid at 70°C.
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Tensile specimens of 50 mm gauge length were elon-
gated at a crosshead speed of 10 mmmin~' to obtain
flow curves. Tensile specimens of stainless steel were
cut from both stainless steel sheets obtained by dis-
solving the aluminium of the sandwich sheets in sodium
hydroxide solution, and from stainless steel sheets as
received. Aluminium sheets for tensile tests were fabri-
cated by rolling at the same reduction and temperature
as in the sandwich sheet fabrication.

The plastic strain ratios, R, were measured at an
engineering strain of 0.15 in accordance with ASTM
E517-74. The dimensional changes of an R specimen
were obtained by measuring the dimensions of a
square grid photoprinted on the specimen surface
within 0.001 mm.

All the properties mentioned above were measured
at 0, 45 and 90° to the rolling direction and averaged
using the equation

¥ = (X + 2X45 + Xy)/d

where X, X,;s and X,, are the properties at 0, 45 and
90° to the rolling direction.

The martensite transformation takes place in 304
stainless steel as it deforms plastically. The transfor-
mation is known to be negligible at 15% tensile strain
[3, 4], and this was also confirmed in the present work.
Therefore it was not necessary to consider the volume
change due to the martensite transformation in the R
value measurements.

3. Results and discussion

A typical example of flow curves of the sandwich
sheets is shown in Fig. 1. The flow curves are shown
to follow the rule of mixture of Equation 1. When
transverse stresses develop in the component layers of
the sheet due to their different anisotropic plastic
behaviours, the flow stress of the sandwich sheet
should be expressed as

O = OiaVa + 053 2
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TABLE 1 Stainless-steel-clad aluminium sandwich sheet metal fabrication conditions*

Sample Initial thickness Total Final Composition Reduction ratio
No. (mm) reduction thickness (vol %) (%)
. o - z-

SLS Al ratio (%) (mm) SLS Al SLS Al
Sandwich sheet metal A (rolling temperature: 400° C)
A-1 0.4 x2 2.0 28.6 2.0 0.38 0.62 9.6 36
A-2 0.5x2 2.0 33.3 2.0 0.48 0.52 6.2 46
A-3 04 x2 2.5 30.3 23 0.33 0.67 10.5 36
A-4 05x%x2 2.5 28.6 2.5 0.38 0.62 9.8 35
A-5 0.4 x2 3.0 316 26 0.28 0.72 14.0 36
A-6 0.5x2 3.0 25 3.0 0.31 0.69 7.6 30
Sandwich sheet metal B (rolling temperature: 450° C)
B-1 04 x2 2.0 28.6 2.0 0.40 0.60 7.0 37
B-2 0.5x2 2.0 333 2.0 0.50 0.50 6.0 47
B-3 0.4 x2 2.5 30.3 2.3 0.34 0.66 5.8 38
B-4 05x2 2.5 28.6 2.5 0.41 0.59 5.2 38
B-5 0.4 x2 3.0 31.6 2.6 0.31 0.69 8.6 39
B-6 0.5x2 3.0 25 3.0 0.33 0.67 5.9 32
Sandwich sheet metal C (rolling temperature: 500° C)
C-1 04 x2 2.0 28.6 2.0 0.40 0.60 4.4 39
C-2 0.5x2 2.0 333 2.0 0.51 0.49 42 48
C-3 0.4x2 2.5 30.3 23 0.36 0.64 5.0 39
C-4 0.5x2 2.5 28.6 2.5 0.41 0.59 4.5 39
C-5 0.4 x2 3.0 31.6 2.6 0.31 0.69 5.0 39
C-6 0.5x2 3.0 25 3.0 0.33 0.67 4.8 33

*SLS: stainless steel, Al: aluminium.
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Figure I Flow curves of stainless steel (SLS), aluminium and sand-
wich sheets. The stainless steel and aluminium specimens were
worked similarly to the layers in composite sheets, (O) Measured

values.
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while the stresses in the transverse and thickness direc-
tions in the component layers A and B are related by

It

o = 0 O Va + oty (3)
and

o3 = o = 0 4

Here 0,, 6, and o, are the stresses in the tensile, trans-
verse and thickness directions, respectively (Fig. 2).

The stresses o4, 015, 054 and o, can be calculated
using an appropriate yield criterion. Semiatin [2]
used Hill’s quadratic yield criterion for anisotropic
materials:

Flo, — 0'3|2 + Glo; — O'1|2 + Hlo, — 0'2|2 = 1
(%)

where F, G and H are constants which characterize the
anisotropy. Recently the Hill criterion has been found
to be inappropriate. Some new yield criteria have been
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Figure 2 Tsostrain model for uniaxial tensile deformation of clad
sheet metal. See Equations 2, 3 and 4.
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Figure 3 Yield loci for isotropic fcc
metals. The solid line yield locus was calcu-
lated by setting @ = 8 in Equation 7. The
dashed line yield locus was calculated by
the Bunge method based on Taylor’s mini-
mum energy theory.
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advanced to predict the vyielding of anisotropic
materials.

Hosford [5] has proposed a modification to Equation
1 which can be expressed as

Flo, — 03| + Gloy — o] + H|o) — 6, = 1
(6)

where 2 = 6 for bccmetals and a = 8 to 10 for fcc
metals. For planar isotropic materials in the plane
stress state (o;; = 0), Equation 6 reduces to the
equation

la|® + |au]* + Rloy — 63]* = (R + Day (7)

where R is the plastic strain ratio and o, is the uniaxial
yield stress along the plane direction. The yield
criterion fits very well with the yield loci calculated
based on Taylor’s minimum energy theory [6] for the
deformation of a crystalline body. Figs 3 and 4 show
yield loci for fee and bece metals whose grains are
randomly distributed, calculated by the Bunge method
[7] which is based on the Taylor theory. In the calcu-
lation the fcc and bcc metals were assumed to have
the {111}<110) and {hkI}<111) slip systems,
respectively. The yield loci in Figs 3 and 4 can be best
fitted by Equation 7 with ¢ = 8 and 6, respectively,
for the value R = 1 which applies to isotropic
materials. Fig. 5 shows the yield loci calculated on the
basis of the Taylor theory for metals with the
{111}<110) or {110}<111} slip systems and with
strain ratios of 1.93 and 0.59. The yield loci in Fig. 5
can be very well represented by Equation 7 with
a = 8.Lee[8, 9] derived a theoretical relation between
the limiting drawing ratio and the plastic strain ratio
using Equation 7. The relation agreed very well with
the measured relation at a = 8 for cubic-system
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metals. The above examples suggest that the exponent
a in Equation 7 need not vary with the degree of
anisotropy which is reflected by the plastic strain ratio.

Other attempts at modifying Equation 6 have been
made by Hill [10], Bassani [11] and Gotoh [12]. Hill’s
new yield criterion for plane stress condition can be
expressed as

(I + 2R)[oy — 6" + |6y + 63|" = 2(1 + R)oy

(®)
where m > 1. The exponent m is empirically expressed
[13] as

m 1.14 + 0.86R for R <1

®

R>1
We are still not sure which criterion is the best. In this
paper Equations 7 and 8 will be used as yield criteria
for planar isotropic materials in the plane stress condi-
tion. It is noted that setting ¢ = 2 in Equation 7 and
m = 2 in Equation 8 results in Hill’s quadratic yield
criterion under the plane stress condition.

Strain components can be obtained from an appro-
priate stress function using the associated flow rule

of (Uij)

doy

m = 2 for

de; = di (10)
where de; and d4 are the strain increment and a pro-
portionality factor, respectively. For planar isotropic
materials in the plane stress condition, the stress

function may be, from Equations 7 and 8, expressed as
filoy) = lal* + |oy]* + Rloy — 6,)° (1)
filey) = (1 + 2R)|oy — 6" + oy + a|"  (12)
It follows from Equations 10 and 11, and dg, +
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Figure 4 Yield locus for isotropic bce
metals. The locus was calculated by setting
a = 6 in Equation 7, which is practically
identical to that calculated by the Bunge
method on the basis of Taylor’s minimum
energy theory.

de, <|0'2|a o) — 0'2|a>/< loy|* szI“)
R = 2 = - R— = - — 13
de, 0y (6, — 07) o) 03 (13)

It follows from Equations 10 and 12 that
de, . —(1 + 2R)|oy — a,["[(a, + 0,)/(a) — 0,)] + |6, + 6,|”

R = -2
de, —2ja, + o,]"

(14)

Since the component layers of the sandwich sheet and  and, from Equation 8,

the sandwich sheet itself are subjected to an equal
strain, their plastic strain ratios should be the same,

that is =

de,, de,, deyg

R dey,  de,  dey

Therefore it follows from Equation 13 that

(I + 2Ry 014 — ™ + |o14 + 02al"
2(1 + Ra)ouy
(I + 2Rp)|op — ol" + |05 + 0"

2(1 + Rp)oyp

(18a)

(18b)

R - d_SE _ —(lo2al%f02n) + [Raloja — 024|°/(G1a — 024)]
i des, (lo1al/01a) + ((024]%/024)

_ ~(Jos|“/om) + [Rploig — 055]%/(015 — 03)]
- (o) + (oml/on) (4>

From Equation 14 it follows that

R =

; —2|o14 + ol

—(1 + 2Rp)|o\g — 05| [(015 + o)/(o15 — 03p)] + [0 + 058]"

—(1 + 2R,) 014 — oa|"[(01a + 022)/(614 — 024)] + [614 + G2a]"

—2|op + opl”

(16)

The yield conditions of the layers A and B in the
sandwich sheet can be expressed, from Equation 7, as

In the above equations the flow stress ¢, was substituted

for the yield stress o,, to consider strain-hardening

|0ial® + 1024]" + Raloia — onl® = (Ra + Doia materials.
(172) The values of g,,, 013, 0,4 and o, can be calculated
using Equations 3, 15 and 17, or Equations 3, 16 and
lo]® + lowl® + Rglog + 0] = (Rg + Do 18, into which the measured values of V,, V;, Ra, Rg,

(17b) o044 and o,y are substituted.
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Figure 5 Yield loci for fcc metals with R = 0.59 and R = 1.93,
calculated on the basis of Taylor’s minimum energy theory (dashed
curves), compared with those calculated by settinga = 8 in Equation
7 (solid curves).

The flow stresses of aluminium and stainless steel
comprised in a sandwich sheet fabricated at 500° C are
given in Table II.

The transverse stresses, ¢,, and 0,5, and the ratio of
the transverse stress to the longitudinal stress, g,/0,,
calculated using the data in Table I are shown in Figs
6 and 7. These indicate that different yield criteria
yield different transverse and longitudinal stresses,
and the ratio of the transverse stress to the longitudinal
stress can even exceed 0.2. Therefore we are not confi-
dent that the transverse stress can be neglected in the
calculation of flow stresses in sandwich sheets.

The flow stresses calculated using the Rule of Mix-
tures (Equation 1 and Equation 2) are given in Table
III. The stresses calculated using Equation 1 are
practically equivalent to the measured flow stresses.
Equation 2 can give rise to different stresses depending
on the yield criteria used to calculate the longitudinal
stresses. The flow stresses calculated on the basis of
the Hosford yield criterion are in better agreement
with those calculated by the mixture rule than those
based on the two other yield criteria. However, differ-
ences between the flow stresses calculated on the basis
of the different yield criteria are practically negligible.
Therefore the fact that the Rule of Mixtures satisfies
the flow stresses in sandwich sheets cannot be explained
by Semiatin’s argument [2] that the transverse stresses
are negligible compared with the longitudinal stresses.

For the convenience of explanation the yield
criteria, Equations 7 and 8, may be approximated by
o, — 00, for la,] < 0.2]e¢] (19)

O'y=

601 .
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Figure 6 Transverse stresses in stainless steel (SLS) and aluminium
layers calculated on the basis of various yield criteria. (——-) a = 8
in Equations 3, 15 and 17; (——-) a = 2 in Equations 3, 15 and 17;
(—) Equations 3, 16 and 18. Volume fraction of SLS (4) 0.33, (O)
0.40, (0) 0.50.

where o is defined by the reciprocal of the slope of the
tangent at o, = o, and ¢, = 0 of yield loci. Therefore
o is expressed as

do, R
= (@) =Tix @™
o} =0y,63 =0

regardless of the yield criteria, Equations 7 and 8. It
follows from Equation 19 that

2la)
(21b)

Oy = Ojp — AaO34

Op = O3 — U0z

where the flow stress ¢, was substituted for the yield
stress o, in Equation 19. Substitution of Equations 3
and 21 into Equation 2 yields

Oy = OaVa + oV = 0uaVa + osls

+ oplalag — %a) = ouVa + 0ls

+ oo Valaa — o5) (22)

The quantity (x4 — ap) may be explicitly expressed as
R, — R

oty — o] = R 3 <1 3

1+ Ry + Ry + R.R,

The quantity (x, — o) makes the contribution of
Gys OF Oy less important. Therefore Equation 22 is
very well approximated by the Rule of Mixtures,
Equation 1.

TABLE II Flow stresses of aluminium and stainless steel sheets comprised in a sandwich sheet fabricated at 500° C*

Engineering strain (%) 10 15 20 25 35 40 45 50 60 R
0,4 (MPa) 78.4 86.3 92.2 97.1  101.0 103.9 106.9 109.8 111.8 1157 0.4
0.5 (MPa) 630.5 7355 8188 8874 9512 10041 10522 10963 11346 12061  0.92

*A = aluminium, B = 304 stainless steel.
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Figure 7 The ratio of transverse stress to longitudinal stress in
stainless steel (SLS) and aluminium layers calculated on the basis of
various yield criteria. (~-~) @ = 8 in Equations 3, 15 and 17; (---)
a = 2 in Equations 3, 15 and 17, (——) Equations 3, 16 and 18.
Numerical values give the volume fraction of SLS.

Equations 15 and 16 may be used to calculate the R
value or the plastic strain ratio of a sandwich sheet,
since g, and ¢, in the component layers A and B can
be calculated as explained earlier when the R value,
flow stress and volume fraction of each component
layer are known. The R values calculated on the basis
of the various yield criteria are compared with the
measured data in Fig. 8. The values calculated on the
basis of the Hosford yield criterion (a = 8 in Equation
15) and Hill’s new yield criterion (Equation 16) are in
slightly better agreement with the measured data than
the value calculated on the basis of Hill’s quadratic
yield criterion (¢ = 2 in Equation 15 or m = 2 in
Equation 16).

PLASTIC STRAIN RATIO
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Figure 8 Plastic strain ratios of sandwich sheets as a function of the
volume fraction of stainless steel. (O) Measured values; (——) calcu-
lated using Equation 15 witha = 2;(—) Equation 15 witha = §;
(~----) Equation 16.

4. Conclusions

1. The longitudinal and transverse stresses developed
in the component layers of stainless-steel-clad alu-
minium sandwich sheet metals varied substantially
with the yield criteria used in the stress calculation.

2. An average of component longitudinal stresses
weighted by volume fractions, which must be the
theoretical flow stresses of the sandwich sheets, were
almost equal to an average of component flow stresses
weighted by volume fractions (the mixture rule)
regardless of the yield criteria. The measured flow
stresses followed the mixture rule.

3. The plastic strain ratios of the composite sheets
were calculated using the plastic strain ratios, the flow
stresses and the volume fractions of the component
sheets based on the various yield criteria. The calculated
values were generally in good agreement with the
measured data, though Hosford’s yield criterion and
Hill’s new yield criterion yielded slightly better results
than Hill’s quadratic yield criterion for anisotropic
materials.
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